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Professor 

Subject 

Date 

Calculus 

Question No. 1 

Given 𝒚 =   𝒕𝒂𝒏 (𝒄𝒐𝒔−𝟏(𝒆𝟒𝒙))find 𝒚′𝒕𝒉𝒂𝒕 𝒊𝒔
𝒅𝒚

𝒅𝒙
. And simplify your answer. 

Solution 

𝑦 =   𝑡𝑎𝑛(𝑐𝑜𝑠−1(𝑒4𝑥)) 

Using chain rule  

𝑑𝑦

𝑑𝑥
=  

𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑥
 … . . … . . . .  (1) 

Consider 𝑢 =  (𝑐𝑜𝑠−1(𝑒4𝑥))  𝑎𝑛𝑑 𝑦 = 𝑡𝑎𝑛(𝑢) 

𝑑𝑦

𝑑𝑢
 =   

𝑑

𝑑𝑢
(𝑡𝑎𝑛(𝑢)) = sec2(𝑢)     … … ..   (2) 

Substituting back the value of “u” in equation 2 gives  

𝑑𝑦

𝑑𝑢
 =  sec2 (( 𝑎𝑟𝑐 𝑐𝑜𝑠 (𝑒4𝑥))) … … … (3)  

𝑑𝑢

𝑑𝑥
  =  

𝑑

𝑑𝑥
((𝑎𝑟𝑐 𝑐𝑜𝑠 (𝑒4𝑥))) 

Using product rule in equation 1 

=  
𝑑

𝑑𝑥
(arccos(𝑒4𝑥))

𝑑

𝑑𝑥
 (𝑒4𝑥)  

As we know that 
𝑑

𝑑𝑥
arccos(𝜃)  =   (−

1

√1−(𝜃)2
) 
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𝑑𝑢

𝑑𝑥
= (−

1

√1 − (𝑒4𝑥)2
) ×  4(𝑒4𝑥) =  −

4𝑒4𝑥

√1 − (𝑒4𝑥)2
  … … (4) 

Substituting equation 3 and 4 in equation 1 gives  

𝑦′  =   
𝑑𝑦

𝑑𝑥
 =   sec2 (( 𝑎𝑟𝑐 𝑐𝑜𝑠 (𝑒4𝑥))) (−

4𝑒4𝑥

√1 − (𝑒4𝑥)2
)   … … . . (5)   

Simplification:  

Using the mathematical rule sec (( 𝑎𝑟𝑐 𝑐𝑜𝑠 (𝑥)))  =   
1

𝑥
in equation 5 gives  

sec2 (( 𝑎𝑟𝑐 𝑐𝑜𝑠 (𝑒4𝑥)))   =   (
1

𝑒4𝑥
)

2

 

Simplified form becomes  

𝑦′  =  (
1

𝑒4𝑥
)

2

(−
4𝑒4𝑥

√1 − (𝑒4𝑥)2
) 

𝑦′  =  −
4

𝑒4𝑥√1 − (𝑒8𝑥)
 

Question No. 2 

Evaluate the following  

∫
𝒔𝒊𝒏 𝒙

𝒔𝒊𝒏𝒙 +  𝒄𝒐𝒔 𝒙

𝝅

𝟐

𝟎

 𝒅𝒙 =  
𝝅

𝟒
 

Solution 

Let  

𝐼  =   ∫
𝑠𝑖𝑛 𝑥

𝑠𝑖𝑛𝑥 +  𝑐𝑜𝑠 𝑥

𝜋

2

0

 𝑑𝑥 … … … … (1)  

Multiplying dominator and denominator with factor (sin 𝑥  −  cos 𝑥) in equation 1. 



   Last Name 3 

 

𝐼  =   ∫
𝑠𝑖𝑛 𝑥 (sin 𝑥  − cos 𝑥)

(𝑠𝑖𝑛𝑥 + cos 𝑥)(sin 𝑥  − cos 𝑥)

𝜋

2

0

 𝑑𝑥 

 =   ∫
𝑠𝑖𝑛 𝑥 (sin 𝑥  −  cos 𝑥)

(sin2 𝑥   − cos2 𝑥)

𝜋

2

0

 𝑑𝑥 

As we know that  

(sin2 𝑥   − cos2 𝑥)  =   cos  (2𝑥) 

It becomes  

(cos2 𝑥   −  sin2 𝑥)  =  − cos(2𝑥)  … … … …  (2) 

𝐼 =  ∫
𝑠𝑖𝑛 𝑥 (sin 𝑥  − cos 𝑥)

(sin2 𝑥   − cos2 𝑥)

𝜋

2

0

 𝑑𝑥  =   ∫
− 𝑠𝑖𝑛 𝑥 cos 𝑥  + sin2 𝑥

(sin2 𝑥   − cos2 𝑥)

𝜋

2

0

 𝑑𝑥 … … … (3)  

Inserting equation 2 in equation 3 

𝐼 =  ∫ [
− 𝑠𝑖𝑛 𝑥 cos 𝑥

− cos(2𝑥)
   +   

sin2  𝑥

cos(2𝑥)
]

𝜋

2

0

 𝑑𝑥 

=   ∫ [
𝑠𝑖𝑛 𝑥 cos 𝑥

cos  (2𝑥)
   +   

sin2  𝑥

cos  (2𝑥)
]

𝜋

2

0

 𝑑𝑥  … … … …  (4) 

𝐼 =   𝐼1  +    𝐼2 

Inserting equation 5 in equation 4 

𝑠𝑖𝑛 𝑥 cos 𝑥  =   
sin  (2𝑥)

2
 … … … …  (5) 

𝐼1  =  ∫ [
𝑠𝑖𝑛 𝑥 cos 𝑥

cos  (2𝑥)
]

𝜋

2

0

 𝑑𝑥  =    ∫ [

sin  (2𝑥)

2

cos  (2𝑥)
]

𝜋

2

0

 𝑑𝑥 
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𝐼1   =
1

2
∫ [

sin  (2𝑥)

cos  (2𝑥)
]

𝜋

2

0

 𝑑𝑥 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔   𝑢 = cos(2𝑥) 

𝐼1   =  
1

2
∫ −

1

2𝑢
 𝑑𝑢 =  −

1

4
∫

1

𝑢
 𝑑𝑢   =    −

1

4
ln|𝑢|   … … … (6) 

Substituting back in equation 6 

𝐼1  =   −
1

4
ln|cos(2𝑥)|  … … … (6) 

𝐼2  =   ∫ [
sin2  𝑥

cos  (2𝑥)
]

𝜋

2

0

 𝑑𝑥  … … … …  (7) 

Using the following identity  

sin2 𝑥 =   
1 −   2 cos (2𝑥)

2
 

Equation 7 becomes  

𝐼2  =   ∫ [

1−  2 cos (2𝑥)

2

cos(2𝑥)
]

𝜋

2

0

 𝑑𝑥 

𝐼2  =  
1

2
∫ [

1 −   2 cos (2𝑥)

cos  (2𝑥)
]

𝜋

2

0

 𝑑𝑥 =   
1

2
∫ [

1

cos  (2𝑥)
−

cos  (2𝑥)

cos  (2𝑥)
]

𝜋

2

0

 𝑑𝑥  

𝐼2  =   
1

2
∫ [

1

cos  (2𝑥)
− 1]

𝜋

2

0

 𝑑𝑥  

𝐼2  =   
1

2
[∫ [

1

cos(2𝑥)
]  𝑑𝑥 −   ∫ [1]  𝑑𝑥] 
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𝐼2  =   
1

2
[(

1

2
ln|tan(2𝑥)| + sec(2𝑥)) −  𝑥] … … . … (8) 

Using equation 6 and equation 8 

𝐼 =   −
1

4
ln|cos(2𝑥)| +  

1

2
[(

1

2
ln|tan(2𝑥)| + sec(2𝑥)) −  𝑥] 

Computing the boundaries  

lim
𝑥 → 0+

(−
1

4
ln|cos(2𝑥)|  +  

1

2
[(

1

2
ln|tan(2𝑥)| + sec(2𝑥)) −  𝑥])  =   0  

lim
𝑥 →

𝜋

2

− (−
1

4
ln|cos(2𝑥)|  +  

1

2
[(

1

2
ln|tan(2𝑥)| + sec(2𝑥)) −  𝑥])  =  

𝜋

4
 

𝐼 =   
𝜋

4
 − 0  =  

𝜋

4
 

Hence proved 

∫
𝑠𝑖𝑛 𝑥

𝑠𝑖𝑛𝑥 +  𝑐𝑜𝑠 𝑥

𝜋

2

0

 𝑑𝑥 =  
𝜋

4
 

Question No. 3 

Evaluate the following limit. Use limit theorem not 𝜺 −  𝜹  techniques. If any of them fail to 

exist, say so and say why. 

𝐥𝐢𝐦
𝒙 → 𝟏+

√𝒙 − 𝟏

𝒙𝟐   −   𝟏
 

Solution 

First simplifying the equation by factoring 𝑥2 − 1  =   (𝑥 + 1)(𝑥 − 1) and inserting in the 

equation. 

√𝑥 − 1

𝑥2   −   1
  =   

√𝑥 − 1

(𝑥 + 1)(𝑥 − 1)
 =   

1

(𝑥 + 1)√𝑥 − 1
 

Using x approaching to 1 from the right side the condition becomes  
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𝑥 > 1    →   (𝑥 + 1)√𝑥 − 1 >   0  

The denominator from the right is a positive quantity. 

lim
𝑥 → 1+

√𝑥 − 1

𝑥2   −   1
   =    ∞   

Graph: 

 

 

 


